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-^ Letter of 2)r Wallis /<? 2)r Sloan, concern- 
ing the Quadrature of the Parts of the 
Lunula of Hippocrates Chius , performed 
by .Mr John, Perks; with the further Im- 
provements of the fame 3 by 7)r David 
Gregory, and Mr John Cafwell. 

TH E Squaring a certain Lunula by Hippocrates Chius 
long lince, hath been known (as to the whole Lunula) 
for many Ages. But (as to the Tarts of it, and the Ap- 
purtenances thereunto,) New Discoveries have been lately made, 
which (I think) had not been confider'd by any before this pre- 
feht Age. 

I received (in November idpp.)from Mr. John Terki (Matter 
of an Hofpitai at Old-Swynford 'in fForce/ier-Jhire, founded by 
Mr, Thomas Foley) a brief account of his Squariug the Portions of 
HtpfiocrMesh Lunula ; with which ( I prefume ) you will not be 
difpleafed. 

For the better iinderftanding of which ; I fhall premife as 
known .( becaufe long fince demonftrated, ) That, If on A B ( the 




Chord of ADB, the Quadrantai Arc of a Greater Circle, who's 
Center is C, ) be defcribed, as on a Diameter, a Semi-circle ABE ; 
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This Semi* circle, will be Equal to that Qgadrant. ( Becaufe the 
Squares of their Diameters, are as % to i ; And, in fuch propor- 
tfon.are their refpedtive Circles ; and therefore a Quarter of the 
one, equal to Half the other. ) 
Ancj* QQpffqp^tlyi H p0m each ft thpfej w^ fukr^l the 

Lunula Ap$&" f on the 
*imgle {*onw other 
fids ) ABC ( Qr, tjQ ABIC, %^cfi(]g aI biie%d li II;J tljat is, 
to hqlf the $$mm CKi inscribed \ in the, Lellsf 'Circle , } Which 
js commonly called. The Squaring cf Hippocrates j IjiMla ; That 
% ihe linding a Reiiil^em ^^# | wJ^ich may hp eaffly iedu- 
ced toaSquare yeq^al toit^t : ^«^. 

This heing pretnifed ; The 'Point in hand, is, the Squaring a 
given Portion of fuch Lunula: fuppofe ADE , cutt-off by a 
Streight Line CDE, drawn from the Center C. Which Mr "Perks 
( aot knowing that th£ like had been befc^e attempted by any 
Qther ) doth perform after thk manner ; viz. 

Drawing the Streight Lines EA, and EB ( cutting ihe Arc EB 

m G r ) md$ on AG, a perpendierikp-EF, ( which will thesefoafQ 

pal^to theCe»te?C, becaufe Bife^ting AG at Right-angle§ ; )The 

Right-lined Triangle AFE, is equal to ADE, the propojed Pmim 

of the Lunufo. 

His Demonftratiott is to this purpofe : viz. 

ADS being a Quadrantal Arc; the Angle A<3B will be Tfoee 

jfiklve* of a Right Angle ; (and its Gbnjun® A&gle EGA, M<df 

a. Right Angle. ) And that Angle ( being External to the Tw 




gle AGE,) is Equal to the Two Oppofite Internals GEA-f EAG. 
Whe r reof QEA (becaufe aijt Angle in the S^picircI^AE3) f is % 
Right Angle ; sndtherefore E&Gis Hulfz l^ght Anglt^ ( as ane 
alfp FEG, and FEA. ) And ths Three Triangles A^ GFE, 

and 
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and GEA, each of them Haifa Square. And AG to AE, as V % 
tot { pEoponio^t to t&ft Refffcctiiye Jfodtioi the Two Circles. ) 
Ahd die Like Segmdnt^ ADG, AE$ in their Refpefitive Circles 
( as the Squares of their Refpedtive Radii ) as 2 to i . And there- 
fore the SemMegment AFD, equal to the Segment AE. And con- 
sequently ( bite taking ferb thg Triangle as much as the other 
addes tor hi ) nltk Vwtihn^ftbe^-L^u^kJ^^ equal to the Trian- 
gle AFE. Which was to be Demonstrated. 

( I tike the liberty- (both in this and the things that follow ) to 
vary fbmewhat front the Authors Words, ( bw t to the fame fenfe, 
and without any difadvantage to Then^) fo as to Defign the fame 
Refpective Points (in all the Figures) by the fame Letters. 
Whichttlakes it femewhat Shorter ( without Repeating the fame 
Confiruition anew for every Figure;) and prevents the Confix- 
Con which < might arife to the Eanfy, if the fame Refpe&ive 
Points, in feveral Figures, were defigned by different Letters; 
and the farcfe Letters, in the different Figures, deflgn different 
Points. ) 

If thePoint E chance to be in K (the middle of the Arc AEB) 
there: will be no Interferon at G ( the Points G,B being; then 
coincident, but without any disturbance to the Demonftration : ) 
If it happen beyond it, toward B; then G wiil be on the other fide ; 
and what.is here fayd of EGB> ranft be accommodated to EGA; 
which things are fo obvious, as not to need any long difcourfe. 

The. whole proceeds upon , the fame general notipn with that 
of fquaritig the whole LMn&ib, (and feme other Curve-lined Fi- 
gures; ) that, if as much be added to the one fide, as h taken from 
the other, the Equality remains. 

And theflrefs of the Demonftration, is, to prove the fegments 
ADG and AE, to be Like Segments ; and therefore Proportional to 
their Rcfpe&ive Circles; the Whole of one,equal to Half the other. 

The Ground of the tvhole Pjrocefs is plainly this, The Angle 
ACE, being an Angle at the Center of the Greater Circle, but at 
the Circumference of the Lefler, the line CDE ( as it pafleth from 
CA to GB ) doth, in the fame proportion, divide the Quadrant al 
Arc ADB, and the Semicircular AEB: whence all the reft doth 
naturally follow. 

And this is Applicable to other Lunula % (befidethat of Hi]r 

f>ocrates)i( (by altering the Angle at F, or otherwife ? ) we take-in 

fuch a Portion of tne common Segment ABD on the one fide 

(inftead of AE cut-off on the other fide) as the Proportion of the 

two Circles requires. 

R r r z I fhewed 
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I fhewed this Quadrature of Mr. Perh to Dr. David Gregory 
( our learned Profeflbr of Aftronomy at Oxford, ) who gives his 
Opinion about it ( with his Improvement of it ) in a Letter of 
his to me ; which I fhall give you in his ow T n words, 

" Reverend Sir, The Quadrature of the Tarts of the Lunula of 
il Hippocrates Chius, by Mt. Perks (which you fhewed me) is 
" very Elegant. 

"I remember, the like was done, fbme years fince,by Mopfieur 
" Tchirnhaufe ; who affigns, as equal to the fame Portion, no| the 
"fame Triangle with that of Mr. Perks, but another Equivalent 
" thereunto, (as I fhall fhe\fr by and by.) We have his Theorem^ 
"in \S\z Alia Lipfia , for the Month of September, 1687. But, 
" without any 'Demonjiration, 

" But, both the One and the Other, feem not to have confidered 
" this affair in its full extent. 

"For, if you compleat the Two Circles, whofe Arcs contain 
" the Lunula of Hippocrates-, the fame is true, as well of the Points 
" in the other Semicircle ACB,as of thofe in the Semi-circle AEB; 
" and, for the fame Reafbns. As appears in the Scheme annexed, 
" wherein I have mark'd the Points in the Semicircle ACB, (cor- 
"refpondent to thofe of Mr. Perks in AEB,) with the correspon- 
dent fmall Letters of the Roman and Greek Alphabets* 

"If Mr. Perks had made his conftru6tion univerfal; by ma*- 
^king both EA and EB, meet with the Greater Circle, (which he 
u might have done by protra&ing thefe Lines and the Greater 
"Circle 'till they meet ; ) he might have found that the Portions. 
" of the Spaces A t CM, BHCN, (fuppofing MCN parallel to AB) 
"are Quadrable as well as thofe of Hippocrates^ Lunula : And 
"that EA7 being affreight Line, the Portion AED oi Hip- 
"pocrates's Lunula, is to A*<? ( the Cor refpondent of A «CM } 
"in the Duplicate Proportion of Cs to A t. For E R g (at R the 
"Center of the Lefler Circle) is, in this cafe, a Right Angle. 

"Moreover; if you take any Point % in the Semicircle ACB, 
"and proceed according to Mr. Perk's conftru£tion Univerfalized 
"as above-laid; you will find, on the. one fide, the Trilineum 
a Af^ (contained by the Arcs A?> A<^, and the ftreight line *<£) 
" equal to the Re6tilmeal Triangle A ** And^ on 5 the other fide, 
" the Trilineum contained by the Arc B « ( f theGomplementof e A 
"to the Semi circumference,) and the Arc B d ( the Complement 
"of A<T to the Fourth part of the Circumference, )and the freight 
"line ad, (that is, the Trilineum BHCd diminifhed by the Se- 
gment 
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a gtnent C «,; ) to be equal to the Re£Hlineal Triangle B t £ And, 
" that thofe two fpaces A % £, and the Difference of BHCd front 
"the Segment Cs ( parts of the Lunula- ACBgy \ ) taken to- 
gether, are equal to the Triangle ACB 5 ; as well as the two 
a Spaces AED and BED, parts of the Lunula of Hippocrates* 

u So that, upon the whole, it appears, that the Two Circles' 
a (containing the Lunula of Hippocrates) being completed ; this 
u Lunula AEBGA, and the other ACB> g ? A, jmaKe up one Syftem^ 
"and are Conjugate Figures. 

" For, (drawing a itreight line CDE,or C * ^,or C * d>at plea (lire 
"through C the.Center of the Greater Circle, and cutting thofe 
" two Circles, ) the Space contained within two Arcs of thde two 
"Circles and part of the faid (freight line, (as AED, ot At«^ or 

F B "BH/d,) 



" B H « d 3 ) is equal to the Rectilineal Triangle AEF, or A « <?, or 
"B if, refpe&ively. 

a And it fo happens, that, if this line going out from C, be on 
li the lame fide or the Diameter MN with the Lunula of Hippo- 
" crates ; the forefaid Space (which receives a perfect Quadra - 
" ture) is folitary ; ( fiich as are the Parts of Hippocrates § Lunula \ 
u and of the two Spaces A « CM, BHCN ;which therefore are Parts 
u of the Lunula more nearly relating to one another.) 

a Bat if that Line going out from C, be on the other fide of 
a MN ; then the Space which is equal to the Re&ilineal Triangle, 
"is, the "Difference of tWo Mixtiiineal Figures, ( the one a Tri- 
"lineum, the other a Segment of the Lefler Circle,) as is above- 
"faid; neither of which can be fqiiared leverally. 

a All thefe particulars are plain from Mr. Perks % Demonftra-. 
a tion ; which, with a little variation ( fuch as is ufual in the dif- 
ferent Cafes of the fame Theoreme) is applicable to all of them : 
u though perhaps he was not aware of it. 

"In the Dimenfion of the Parts of Hippocrate/s Lunula, 
u it might perhaps be expected, that the Triangle affigned equal to 
" a Portion of the Lunula, fhould be Part of the Triangle to 
u which that whole Lunula is wont to be affigned equal ; ( that is, 
" that the Triangle affigned equal to the Portion ADE, fhould be 
" the refpe&ive part of ACB which is equal to the whole Lunula] ) 
" which m that of Mr. Perks is not. 

" But, in that of Mr. Tfchirnhaufe (above-mentioned ) it is fo, 
<c which is to this purpofe. 

a If from any Point E, in the circumference of the Lefler Circle, 
" we let fall on AB, a Perpendicular cutting it in L, and draw the 
a line CL :; the Triangle C AL, is equal to the Portion of the Lth 
*Mth AEDi ( AimI^ Goafequently) the Triangle COBL, equal? to 
" the Portion BED* ),..«.. 

H W'hiGh (ib^cattfe Mr Tftimnhduft hath riot at all done it ) 
li I fhall briefly Bemonftratfe, fb sfe the Demonfltfation itiay reach 
Ci the Pmions of the Conjugate Space ACB g y *< 

" For the Triangles AGB, AEF, are like Triangle^ each being 
^ the half bf a Square : A litf therefore, by 19 eW, th£ Tangle 
" ACB is to the Triangle AEF in the duplicate proportion of BA 
" to AEj that k 9 by 8, d. "ty as BA is to AL. But, by i. el. 6, the 
" THaagle ACB is to the Triangle ACL as BA is to AL. There- 
"Jfore, by p.el: j, the Triangles ACL arid AEF are equal But 
« the TterigfeAEF Is (by Mt Perks ) proved equal to the Por- 

c< tion 



« tion AED. And therefore the faid Portion AED is alio equal 
* to the Tnangie ACL. 

a I am, Sir, Your&c. D. Gregory. 

Mr CafweM had a fight of this Quadrature of Mr lP<?r& ( be- 
fore Dr Gregorie or 1 had feen it ;■) And had given a Specimen of 
its being capable of further Improvement, But, without having 
Leifure, or giving himftlf the Trouble, of purfuing it through 
all its Appendages. I would ( with his leave ) have here m- 
fened that Specimen: But he chafe rather to decline it ; faying, 
Bethought it needlefs, becaufe Dr Gregorie had, fince, done the 
like more fully. 

The Refult of iu i& to this purpofe ; On the Center B, he 
draws by A, a Third Circle \ which forms another Lunula , 
than that ok Hippocrates : And he doth (very dextroufly) Square 
the Portions of this Lunula* And doth thereby let its in, to a New 
Syftem, which may be purfued in like manner as Dr Gregorie 
hath done that of Hippocrates. 

After thele learned Bifquifitions, on fo trite a Subject ; it will 
not he needful for me to fay much. I fhall but briefly Compare 
the Two Quadratures of Mr Tfchimbaufe and Mr Terki, (where- 
in they Agree or Differ with each other. ) And then fhew, How, 
by either of them, to Divide the Lunula m any Given Proportion* 

Monfieur Tjcbirnhauje *, Letting fall, from E (on AB\ a Perpen- 
dicular EL, determines the Triangle ALC equal to the Portion* 
ADE. 

Which being admitted^ We may 
thus Divide the Lunute in any 
Given Proportion. If we divide 
AB, at L, in fuch Given Proporti- 
on ; CL will,, in the fame propor- 
tion ( becanfe of the Common Alti- 
tude ) divide the Triangle ACB 
( which is equal to the Whole Lu- 
nulit,) And LE ( ereifted at Right 
Angles o# ALB) will determine 
the Point, E ; from whence if we, A 
draw, to C, theStreighfc line EC, this will,, at DE^ divide the 
Lunula in the^ feme Proper Dion. 

Mc Terfe m r On EDC , drawing, the Perpendicular AF , de- 
termine th& Semi A quadrate AJ?E ,, equal to the propofed Pop* 
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tion ADE. Which Semi-quadrate, is 
a Ldke Figure \ and a fify Jituate to 
AE, asisACBtoAB. 

And therefore (becaufe like Fi- 
gures are in the Duplicate Proportion 
of their refpeiiive Sides) IF: we lb 
infcribe A£,-as that the Square of 
AEbeto the Square of AB, in.fuch 
Given Proportion, the Lunula will 
G at PE r befo divided as^is required. 
And this will hold ( if duly appli- 
ed, according as the different Cafes may require ) though E be 
tikeft - (in the Continuation of the Semi- circle) beyond B. For 
(ftili)Like Figures, \yill be in Duplicate Proportion of their 
Refpe<9;ive Sides ; and C E = C D ± D E. And the fame is*yet im- 
proveable n^ich further* 

I forbear to Apply this to the feveral Parts of tlfe whole Sy- 
fteine, confidered by E)r Cregorte^ ( 0r to that^ of Mr Cajhtiell,) 
that I be not too Teadious. 

Much left fhall I give my felf the trouble to confider the Solids 
to be made by the Converlion of it, or ofits^arts, about a given 
Axis, (as MNj or A& or AC, or BC, &c. ) with their Surfaces and 
Centers of Gravity; as I have done elfewhere for the Cychirf* 
But fuchas are at Leifure (and think it wordi the while, ) may 
do |t by fuch like Methodes,as I have made ufe of forthe Cycloide, 

lam 



Tours toferve ywj 

JOHN WALL 1 8. 



Poft-fcript. 
In the Tranfaftiom for the Month of Amuji latl paft; Numb. ayjr. 
A Letter of mine, is very faultyly Printed. I defire that the Errata 
may be thus Corrected. 

■pagl 280. /. 24. ut ait./. 281./. i.jf . differendas in£foitefim^s. p. 281. /. 12. -fat 
antea,) rerum Novitas, /. 14. Meflis. /. 15. Et quidem. I* 16. Atque hinc. 
1. 17. natura. /. 22. Academia. /. 25. reapfe, /. 33. mifi. p, 283. /. 5. ddjperatum. 
Lxi. Sued. /. 17. itinere. /. 25. adbrnat. /. 33. Coeno. p. 284. /. 1. fib. /.15- 
redeundo) fenlW, /; 17. nxotibus. /. 19, penitius. /. 22. materia*, /. y 2*. per- 
pendiculum ere&os ) ad. /. 24. longo tra&u. Ui%. prasfe. /. 29. Multaque, /. 20. 
annos. / 31. deprompta) raihi videntur hac. i. 32. alio. I* $4. ccenofum, turbi- 
dum. A35. Ifthmo. /. ^.rfce #>W*P. S. Aug. 29. 1699. Jbovldhave flood at lin. 20. / 

Numb. 257.^. 346. /. 11. the Solar Tropical year. p. 349* /. 2. fuggefted by./>« 3 j» 1. 
/, 34. (lands thus. 



